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In this paper, we study the P − v criticality of a specific charged AdS type black hole (SBH) in
f(R) gravity coupled with Yang-Mills field. In the extended phase space, we treat the cosmological
constant as a thermodynamic pressure. After we study the various thermodynamical quantities, we
show that the thermodynamic properties of the SBH behave as a Van der Waals liquid-gas system
at the critical points and there is a first order phase transition between small-large SBH.
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I. INTRODUCTION
Important contribution on black holes’s thermodynamics in anti-de-Sitter (AdS) spacetime is made by Hawking
and Page [1] where a first order phase transition is discovered between the Schwarzschild-anti-de-Sitter (SAdS) black
holes that is known as the Hawking-Page transition. Then Chamblin et al. and Cvetic et al. show that the first order
phase transition among Reissner Nordstrom (RN) AdS black holes and the similarities between charged AdS black
holes as well as liquid gas systems in grand canonical ensemble [2–4]. Moreover, in the seminal papers of Kubiznak
and Mann [5], the cosmological constant Λ is used as dynamical pressure [21]
P = − Λ
8pi
=
3
8pil2
(1)
for the RN-AdS black holes in the extended phase space, instead of treating the Λ as a fixed parameter (in standard
thermodynamic) and its conjugate variable has dimension of volume
V =
(
∂M
∂P
)
S,Q
. (2)
Calculating the critical components and finding the phase transition of the RN-AdS black holes, it is shown that RN-
AdS black holes behave similar to the Van der Waals fluid in the extended phase space where a first-order small/large
black hole’s phase transition occurs at a critical temperature below [6–10]. The Van der Waals equation
(P +
a
v2
)(v − b) = kT, (3)
where its pressure is P , its temperature is T , its specific volume is v = V/N , the Boltzmann constant is k and the
positive constants are a and b, takes into account the attractive and repulsive forces between molecules and gives an
improved model for ideal gas behaviour to describe the basic properties of the liquid-gas phase transition with the
ratio of PcVcTc =
3
8 at critical points [11–16]. Afterwards, applications of the thermodynamical law’s to the black hole’s
physics have gain attention. Different researches are done by using the variation of the first law of thermodynamics
of black holes and also application of the P − v criticality on black holes [22–54, 54–84, 86–91, 97, 98]. Furthermore,
AdS-CFT correspondence is the other reason for studying the AdS black hole.
In this paper we use a black hole’s solution in the Yang-Mills field which is the one of the most interesting non-
abelian gauge theory. By using the string theory models they find the Yang-Mills fields equations in low energy limit
and then Yasskin found the first black hole solution in the theory of Yang-Mills coupled to Einstein theory [92].
Our main aim is to check P −V criticality of a specific charged AdS type black hole (SBH) in f(R) gravity coupled
with Yang-Mills field (YMF) [85] by comparing its result with the Van der Waals system. The Yang-Mills field is
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2acted inside the nuclei with short range and f(R) gravity which is an extension of Einstein’s General Relativity with
the arbitrary function of Ricci scalar f(R) [93–96]. It would be of interest to study the P − v criticality of SBH in
f(R) gravity coupled with YMF in the extended phase space treating the cosmological constant as a thermodynamic
pressure. In this paper, we first study the thermodynamics in the extended phase space and then we obtain its critical
exponents to show the existence of the Van der Waals like small-large black hole phase transitions.
The paper is organized as follows: in Sec. II we will briefly review the SBH in f(R) gravity coupled with YMF.
In Sec. III we P − v criticality of the SBH in f(R) gravity coupled with YMF will be studied in the extended phase
space by calculating its critical exponents. In Sec. IV we conclude with final remarks.
II. SBH IN f(R) GRAVITY COUPLED WITH YMF
In this section, we briefly present a solution of SBH in f(R) gravity coupled with YMF with a cosmological constant
in d-dimensions [85]. Then we discuss its temperature, entropy and other thermodynamic quantities. The action of
the f(R) gravity minimally coupled with YMF (c = G = 1 ) is [85]
S =
∫
ddx
√−g
[
f (R)
16pi
+L (F )
]
(4)
where f(R) is a function of the Ricci scalar R and L (F ) stands for the lagrangian of the nonlinear YMF with
F = 14 tr
(
F
(a)
µν F (a)µν
)
where the 2-form components of the YMF are F(a) = 12F
(a)
µν dxµ ∧ dxν . Here the internal index
(a) for the degrees of freedom of the non-abelian YMF. It is noted that this nonlinear YMF can reduce to linear YM
field (L (F ) = − 14piF s ) for s = 1 and fR = df(R)dR = ηr which η is a integration constant. Solving Einstein field
equations for the f(R) gravity coupled with YMF give to the spherically symmetric black hole metrics (Eq. 36 in
Ref. [85])
ds2 = −f(r)dt2 + dr
2
f(r)
+ r2
(
dθ21 + Σ
d−2
i=2 Π
i−1
j=1 sin
2 θj dθ
2
i
)
(5)
with 0 ≤ θd−2 ≤ 2pi, 0 ≤ θi ≤ pi, 1 ≤ i ≤ d− 3 in which the metric function f(r) is
f(r) =
d− 3
d− 2 − Λr
2 − m
rd−2
− (d− 1) (d− 2)
d−1
2 (d− 3) d−14
2
d−5
2 ηd
Q
d−1
2 ln r
rd−2
. (6)
Note that Λ = − 1l2 , M is the mass of the black hole and η is a constant.Furthermore for the limit of Q7/2 → 0,
it becomes well-known solutions in f (R) gravity. The Bekenstein-Hawking temperature [17–20] of the black hole is
calculated by T= 14pi
∂f(r)
dr |r=rh
T =
(−1 + (d− 2) ln (r))Qd/2−1/2 (d− 1) (d− 2)d/2−1/2 (d− 3)d/4−1/4 + d2d/2−5/2 (−2 r2Λ rd−2 +m (d− 2)) η
4pi rd−2η d2d/2−5/2r
, (7)
where rh is the horizon of the black hole. and solving the equation f(rh) = 0, the total mass of the black hole is
obtained as
m = −4Q
d/2−1/2 (d/2− 1)d/2 ln (r)√2 (d− 1) (d− 2) (d− 3)d/4−1/4 + (((f − 1) d− 2 f + 3) rd−2 + rdΛ (d− 2)) d√d− 2η
η d (d− 2)3/2
(8)
The entropy of the black hole can be derived as
S =
Ah
4
ηrh, (9)
where Ah = d−1Γ( d+12 )
pi
d−1
2 rd−2h is the area of the black hole’s event horizon. Then, in the extended phase space, we
calculate the pressure in terms of cosmological constant
P = − Λ
8pi
(10)
3and its thermodynamic volume is
V =
Ωd−2rd−1h η
n− 1 , (11)
where Ωd−2 is the volume of the unit sphere. Now the mass can be also written in terms of P as follows:
m = −4Q
d/2−1/2 (d/2− 1)d/2 ln (r)√2 (d− 1) (d− 2) (d− 3)d/4−1/4 + (((f − 1) d− 2 f + 3) rd−2 − 8 rdPpi (d− 2)) d√d− 2η
(d− 2)3/2 η d
.
(12)
The first law of the black hole thermodynamics in the extended phase space is
dm = TdS + ΦdQ+ V dP, (13)
where the thermodynamic variables can be obtained as T =
(
∂m
∂S
)
Q,P
, Φ =
(
∂m
∂Q
)
S,P
and V =
(
∂m
∂P
)
S,Q
.
Then we write the generalized Smarr relation for the black hole, which can be derived also using the dimensional
scaling, as
m = 2TS + ΦQ− 2V P. (14)
We introduce the cosmological constant as thermodynamic pressure in the extended phase space in Eq. (10), and
it is seen that the first law of the black hole’s thermodynamics and the Smarr relations are matched well.
III. P − v CRITICALITY
In this section, we investigate the critical behaviour of the SBH in the extended phase space. The critical point can
be defined as
∂P
∂v
=
∂2P
∂v2
= 0. (15)
Now we consider the case of four dimensions (d = 4) where the metric function becomes
f =
1
2
− m
r2
− r2Λ− 3Q
3/2ln(r)
r2η
(16)
and corresponding mass of the black hole is calculated as
m =
r2
2
− r2Λ− 3Q
3/2ln(r)
η
. (17)
The temperature of the four dimensional SBH is
T = −3Q
3/2 − r2η + 4r4ηΛ
4pir3η
. (18)
Then we write the temperature in terms of P (P = − Λ8pi ) as follows:
T = 8 rP − 3Q
3/2
4r3η pi
+
1
4rpi
. (19)
Afterwards one can easily obtain the pressure P in terms of the temperetaure T:
P =
T
8r
+
3Q3/2
32 r4η pi
− 1
32r2pi
. (20)
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Figure 1: P − r diagram of a SBH in a f(R) gravity coupled with YMF for Q = 0.1 and η = 1
To consider the P−v criticality using the extended phase space, we write the black hole radius in terms of the specific
volume v as rh =
(d−2)v
4 . Using the condition of Eq.(15), we derive the critical Bekenstein-Hawking temperature Tc,
critical pressure Pc and critical specific volume vc as follows:
Tc = −24 Q
3/2
v3η pi
+
1
vpi
, (21)
vc = 24
√
2
√
Q3/2√
η
, (22)
Pc =
η
1152Q3/2pi
. (23)
One can also find this relation which is same with a Van der Waals fluid
ρc =
Pcvc
Tc
=
3
8
. (24)
It is noted that in Fig.1 and Fig.2 show that P−r diagram is same with the diagram of the Van der Waals liquid-gas
system.
Let us now analyze the Gibbs free energy of the system. We first use the mass as entalphy instead of internal energy
and the Gibbs free energy in the extended phase space for the SBH in f(R) gravity coupled with Yang-Mills field is
calculated as
G = m− TS = 6Q
3/2 + r2η − 16Ppir4η − 18Q3/2ln(r)
6η
. (25)
We plot the change of the free energy G with T in Fig.(3). There is a small-large black hole phase transition as
seen in Fig. (3).
IV. CONCLUSION
In this paper, we first treat the cosmological constant Λ as a thermodynamical pressure P and the thermodynamics
and P −v criticality of the SBH in f(R) gravity coupled with YMF is studied in the extended phase space. It is shown
that there is a phase transition between small-large black holes. Furthermore, after we obtain the critical exponents,
the critical behaviour of SBH in f(R) gravity coupled with YMF in the extended space behaves also similarly as Van
der Waals liquid gas systems with the ratio of PcvcTc =
3
8 at critical points. Hence it would be of great importance to
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Figure 2: P − T diagram of a SBH in a f(R) gravity coupled with YMF for Q = 0.1 and η = 1
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Figure 3: G−T diagram of a SBH in a f(R) gravity coupled with YMF for different values of P ( P < Pc, P = Pc and P > Pc
with Q = 0.1 and η = 1
obtain the P − V criticality of SBH in f(R) gravity coupled with YMF. Hence the critical ratio PcvcTc = 38 is universal
and independent from the modified gravities. The YMF has a parameter of η but has no effect on the universal ratio
of 38 .
It is also interesting to study the holographic duality of SBH in f(R) gravity coupled with YMF. It is noted that
without thermal fluctuations black hole is holographic dual with Van der Waals fluid given by
(
P + aV 2
)
(V − b) = T
where k is the Boltzmann constant [89, 90], b > 0 is nonzero constant which is the size of the molecules of fluid and
the constant a > 0 is a value of the interaction measurement between molecules. We leave this problem for the future
projects.
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